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In an abstract framework, %e present a class of supersymmetric quantum 
mechanics whose eigenvalue problem is (in part) exactly solvable. In concrete 
realizations, the class includes supersymmetric quantum mechanical models 
associated with one-dimensional or radial Schrijdinger operators with potentials of 
a special type, called “shape-invariant potentials” in the physics literature. 0 1991 
Academic Press, Inc. 
I. INTRODUCTION AND THE MAIN RESULT 
In this paper, we present in an abstract framework a class of supersym- 
metric quantum mechanics (SSQM) whose eigenvalue problem is (in part) 
exactly solvable. 
Before stating our main result, we first recall an axiomatic definition of 
SSQM (e.g., [l, 2, 4, 10, 151). We consider only the simplest one: A 
SSQM is a quadruple (!Z”‘, Q, H, r} consisting of a complex separable 
Hilbert space X and a set of self-adjoint operators Q, H, r in .!Z satisfying 
the following conditions: 
(i) The spectrum of r is { f l}. 
(ii) H= Q’. 
(iii) The operator r maps D(Q) into itself and the anticommutation 
relation 
Qr+rQ=O 
holds on D(Q), where D( .) denotes operator domain. 
In the physics literature, the operators Q, H, and r are called the super- 
charge, the super-symmetric Hamiltonian, and the fermion number operator, 
respectively. By virtue of condition (i), X is decomposed as 
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where A?‘+ is the eigenspace of /’ with eigenvalue k 1. The elements of .i)‘- 
and $. are called the hosonic and jermionic states, respectively. 
It follows from (iii) that there exists a unique closed linear operator 




Hence we have 
(I.21 
where 
H, = A*A, He = AA*. 
Conversely, if Hilbert spaces 3?& and a densely defined closed linear 
operator A: %+ --) 35 are given and we define the operator Q by (1.1 ), r 
by 
r= 
1 0 ( > 0 -1 ’ 
and HE Q*, then the quadruple {X+ @K , Q, H, r} is a SSQM. Thus 
there is a one to one correspondence between a SSQM and a triple 
{X+ , 55 , A $ consisting of Hilbert spaces Z”* and a densely defined closed 
linear operator A: X+ + 5!” ~. 
By (1.2), the spectral analysis of the supersymmetric Hamiltonian H of 
a SSQM is reduced to that of Hi. Further, it is well known that the spec- 
trum (resp. point spectrum) of H, coincides with that of Hi except for 
one point 0 (see Lemma 2.2 below). Hence, as far as the positive part of 
the spectrum of H is concerned, it is sufficient o analyze H, , although we 
must consider H, separately for the problem of whether or not the point 
0 is contained in their spectrum. The latter problem is related to the index 
problem of the operator A (e.g., [4]). 
We mention that, in the physics literature, there have been a number of 
studies on exactly solvable SSQM based on the method of “shape-invariant 
potentials,” which was introduced by Gendenshtein [9] (see also [S, 6, 121 
and references therein). The present work resulted from an attempt to 
clarify the essential mathematical structure underlying those works. For 
this purpose, an abstract approach may be useful and make the range of 
the application of the method wider. 
Generally speaking, the exact solvability of a quantum mechanical model 
has something to do with any symmetry lying in it. In the SSQM models 
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based on shape-invariant potentials mentioned above, there exists a sym- 
metry under a transformation of a parameter. Thus we are led to consider 
a SSQM with a parameter and to formulate a symmetry which makes it 
exactly solvable. 
Let 2 be a Hilbert space and {A(~)}, E n be a family of densely defined 
closed linear operators in 2 indexed by a set A. We consider the SSQM 
corresponding to the triple {Z, 2, A(A)}. Thus we define 
and 
H+(A) = A(A)* A(A) (1.3) 
H_(A) = A(i) A(A)*. (1.4) 
By von Neumann’s theorem (e.g., [13, Theorem X.25]), H,(A) are non- 
negative self-adjoint operators. Our aim is to find a condition under which 
the eigenvalue problem of H+(i) is (in part) exactly solvable. 
We first introduce a notion concerning a symmetry of two families of 
operators under a parameter transformation: 
DEFINITION 1.1. Let {B(A)}j.,, and {C(A)},,, be two families of 
densely defined closed linear operators in Z. If there exist mappings 
f: A -+A and F:f(n)+C such that for all AEA 
W(A)) + W(A)) = C(A), 
then we say that {B(n)}j,En is (f, F)-equivalent to {C(A)}i,,,. 
Remark. If B(A) and C(A) are self-adjoint for all 1 E /i and (B(A)} 1 E n 
is (f, F)-equivalent to {C(A)}j,En, then it follows that F must be real- 
valued. 
Let 
A,(A)= {%EA 1 KerA(A)# (0)). 
For A E&(A), we set 
(1.5) 
m(A) = dim Ker A(i) (1.6) 
and fix an orthonormal basis (!Z2~‘(A)}~~,’ in Ker A(A). 
We shall denote by r~( T) and e-J T) the spectrum and the point spectrum 
of the operator T, respectively. Given a mapping f: A --f A, we define 
f”:A+Aby 
f”(A) = 2, f”(A) =f(f”- ‘(A)), n >, 1. 
We now state the main result: 
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THEOREM 1.2. Assume that {H, (3.)) j,e,, is (,f, F)-equivalent to 
{H-(‘“)jiEA. “PP ose that A,(A) # @ and let 2 he any element of A such 
that 
.f”(i) E 4(A)> F(f”(i)) > 0, n = 1, . . . . N, (1.7) 
where N may be finite or infinite. Then, the following (i)-(iii) hold. 
(i) The operator H,(2) has at least N positive eigenvalues E,(j,), 
n=l 3 ...> N, given by 
E,(i)= i flfk(A)) (1.8) 
k=l 
and they are the first N positive eigenvalues of H+(2) from the bottom of 
dH+ (A)). 
(ii) Let N < co. Then 
Wf+(4\{0) = @,,UJ),N=, 
tf and only tf 
o,(H+(f “(W)\W = 0. 
(iii) The multiplicity of the eigenvalue E,(i) of H+(n) is 
PAA) = m(f”(2)) 
and the set {Q!‘(2) 1 r = 1, . . . . ,u,JA)} of vectors given by 
sz;$q= { fI ( i F(I’U)))J ’ 2 
k=l .j=k 
xA(1)* A(f(n))* A(f”(n))*...A(f”+‘(jJ)* @‘(f”(1)) 
(1.9) 
(1.10) 
is an orthonormal basis in the eigenspace of H, (1) with eigenvalue E,(1). 
The proof of the above theorem is given in Section II. In Section III, we 
apply Theorem 1.2 to differential operators. In Section 3.1, we show that 
the class of SSQM formulated in Theorem 1.2 includes a class of SSQM 
associated with one-dimensional Schrodinger operators with potentials of a 
special type, called “shape-invariant potentials” in the physics literature. In 
this sense, our abstract approach to SSQM clarifies the mathematical 
structure underlying the method of shape-invariant potentials. We also 
present a class of shape-invariant potentials, which seems to have been 
overlooked in the literature; these potentials are polynomials of “deformed 
hyperbolic functions” with a deformation parameter q > 0. It is shown that 
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the spectrum of the supersymmetric Hamiltonian is independent of q. 
In Section 3.2, we consider d-dimensional Schrodinger operators with 
spherically symmetric potentials. They are reduced to one-dimensional 
Schrodinger operators on the half-line (0, 00) and hence the method in 
Section 3.1 may be applied. We discuss only two examples. In Section 3.3, 
we apply our method to a unified treatment of the Schrodinger, Klein- 
Gordon, and Dirac equations with a Coulomb potential which has recently 
been given by de Lange [7]. In the last section, we give a remark on a 
method related to that in the present paper. 
II. PROOF OF THEOREM 1.2 
We prepare two lemmas, 
LEMMA 2.1. Let (L(A)}n,n be a family of nonnegative symmetric 
operators in 2. Suppose that A,(L) # 0 and that there exist mappings 
g: A -+ A and G: g(A) + R such that for all A E A, 
and 
qM4)\{0} = q,(Ud4) + G(gW)\{O) (2.1) 
s”(~) E &Wh G(g”(1)) > 0, n = 1, . . . . N. (2.2) 
Then thefofZowing (i) and (ii) hold. 
(i) The operator L(A) has at least N positive eigenvalues e,(A), 
n = 1, . . . . N, given by 
e,(J-)= i G(skU)) (2.3) 
k=l 
and they are the first N positive eigenvalues of L(A) from the bottom of 
dL(A)). 
(ii) Let NC co. Then 
a,W(~))\{O) = {en(~)I l 
if and only if 
~,(wv)))\w = 0. 
Proof. Throughout the proof, we set A, = g”(A). 
(i) Let 
K,, = L&J + G(1,). (2.4) 
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Then, it follows from (2.1) that for all n 3 1, 
~,(UL - I))\lO) =~,,K,)\{oj. (2.5) 
Condition (2.2) implies that for n = 1, . . . . N, G(/“,,)E o,(K,,) and 
G(A,) =inf a(&) > 0. Hence, using (2.5), we see that G(1,) is the first 
positive eigenvalue of L(,I, ]). Then, (2.4) implies that K,+ , has at least 
two positive eigenvalues given by G(i,- ,), G(E.,- ,) + G(AN) and they are 
the first two positive eigenvalues of K, _, from the bottom of a(K, ,). 
In this way, we can show by induction that for n = 1, . . . . N, the 
operator L(j+, .) has at least n positive eigenvalues given by 
e:;=, wN-n+k)):=i and they are the first n positive eigenvalues of 
L(;I,,-,,) from the bottom of G(L(~~~-,~)). In particular, the case n = N gives 
the desired result. 
(ii) If Q/z) has a positive eigenvalue CL~+, > e,(i.) in addition to 
(e,(,I)),N=,, then a repeated use of (2.5) and (2.4) implies that L(k,) has 
a positive eigenvalue. Conversely, if L(A,,,) has a positive eigenvalue, then 
we see in the same way as in part (i) that L(J) has at least N + 1 positive 
eigenvalues. N 
The following lemma is a fundamental result by Deift [8]. 
LEMMA 2.2. Let B he a densely defined closed linear operator from a 
Hilbert space X to a Hilbert space X. Then: 
(i) a(B*B)\(O} =a(BB*)\fO). 
(ii) a,(B*B)\{O) =a,(BB*)\(O}. 
Moreover, for all E E a,(B*B)\(O} = o,(BB*)\(O}, the mapping 
T,: Ker(BB* - E) --f Ker(B*B - E) defined by 
Tef = E-‘I’B*f, f E Ker( BB* - E), 
is unitary. In particular, 
dim Ker( B*B - E) = dim Ker( BB* - E). 
Proof See [S]. 1 
Proof of Theorem 2.2. By the (f, F)-equivalence of (H+(1)) to 
(H-(A)}, we have for all i E /i, 
H+(f(A))+P(f(l))=H-(I.). (2.6) 
Applying Lemma 2.2 with B= A(%), we have 
~,W+(W\~O) =o,V-W\(O) 
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Hence it follows that for all 3, E A. 
~,W+(4\~0~ = o,(H+(f(~))+F(f(~)))\{O}. 
Therefore the assumption of Lemma 2.1 is satisfied with L(A) = H+(A), 
g= f, and G= F (note that Ker A(A) = Ker H+(A) and hence 
/lo(A) = A,(H+)). Thus parts (i) and (ii) follow. 
To prove part (iii), let I, =f”(A). Then, by (2.6), we have 
A(&- 1) A(&_ 1)* = A(I,)* A(&) + F(A,). 
Hence 
A(&- 1) A(&- 1)* Q:‘(A,) = F(&) Qb”(AJ, n = 1, . ..) N. 
Namely, for IZ = 1, . . . . N, and r = 1, . . . . m(l,), the vector Qg’(&,) is an eigen- 
vector of A(&- i) A(I,_ 1)* with eigenvalue F(1,). Therefore, by Lemma 
2.2, the vector F(i,)P’/2 A(&_ ,)* 52:)(;1,) is a normalized eigenvector of 
H, (A,,+ i) with eigenvalue F(i,). Repeating this process inductively, we see 
that the vector Q!)(A) given by (1.10) is a normalized eigenvector of H+(A) 
with eigenvalue E,(A). Conversely, let u E Ker(H+ (A) - E,(I)). Then, in the 
same way as in the preceding case, we see that the vector 
A(/$-,)...A(i,)A(l)u 
is a nonzero vector in Ker H+(A,) = Ker A(&). Therefore we conclude that 
dim Ker(H+(A) - E,(A)) = dim Ker A(&). Thus the relation (1.9) follows. 
It is easy to check that {Q!‘(A) ) r = 1, . . . . p,JA)} is an orthogonal set. 1 
III. APPLICATION TO DIFFERENTIAL OPERATORS 
In this section, we apply the abstract theory developed in the last section 
to differential operators. 
3.1. One-Dimensional Schriidinger Operators 
Let W, E C’(R) (A E ,4) and be real-valued. Then the differential operator 
A@)=$- w>. 
acting in L2(R) is defined on D(d/dx) n D( W,) and closable, where D( .) 
denotes operator domain (the operator d/dx is taken in the sense of weak 
70 ASAO ARAI 
derivative). We shall denote the closure of A(j,) by the same symbol. In the 
present case, H*(i) takes the form 
H+(l)= --$+ V,‘, (3.2 
on C:(R), where 
VT(x) = W,(x)’ &- W>,(x). (3.3) 
We note that H+(A) have the A-dependence only through the potential part 
V:. Hence it is possible to give a condition for {H+(i)) to be (f, F)- 
equivalent to {H. (A)} in terms of F’F : 
LEMMA 3.1. Suppose that for all I E A, V,: are bounded from below on 
R and there exist mappings f: A + A and FI f(A) --f R such that for all 1 E A, 
'f:j.) +Ftf(n))= ',ii' (3.4) 
Then, (H+(~))A.,, is (f, F)-equiuafent to (H-(A)},... 
Proof: By (3.2) and (3.4), we have for all i E A, 
H+(f(l))+F(f(A))=H-(i) (3.5) 
on C,“(R). Since Vf are bounded from below and belong to L&(R), 
H,(A) are essentially self-adjoint on C,“(R) (e.g., [13, Theorem X.281). 
Hence (3.5) extends to an operator equality. Thus the desired result 
follows. 1 
Remark. In the physics literature, the potentials V: which satisfy (3.4) 
are called “shape-invariant potentials” (e.g., [S, 6, 9, 121). Hence Lemma 
3.1 can be rephrased as follows: If V$ are shape-invariant and bounded 
from below, then {H+(,l)},,,,, is (f, F)-equivalent to {HP(II)},.,, for 
some (f, F). 
In the present case, the set A,(A) defined by (1.5) is explicitly identified: 
LEMMA 3.2. Suppose that for all il E A, D(A(i)) = D(d/dx) n D( W,); i.e., 
A(A) is closed on the domain D(d/dx) CT D( W;). Let 
Qo,,(x) = eIIi w,(-v)dJ. (3.6) 
A,(A)= {AEA I WAQO,A, Q,,j.EL2(R)}, (3.7) 
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and for all 3, E A,(A), the function Q,, is the unique (up to constant 
multiples) ground state of H,(n). 
ProoJ Let S be the set on the right hand side of (3.7). It is obvious that 
Q,,, E Cl(R) and 
Qb,i.(x) = w2(x) QO,j.(x). (3.8) 
Hence, if II E S, then (3.8) implies that sZ,,j, E Ker A(L). Therefore 1 E A,(A). 
Conversely, let 2 E A,(A). Then there exists a nonzero vector 
i-2 E l&4(%)) = D(d/dx) n D( IV,) 
such that A(I)Q = 0, i.e.: 
(3.9) 
The nontrivial solution to this equation is given by 
where c E C\(O) is a constant. Hence (3.9) implies that 2 E S. 1 
Remark. Apart from some mathematical technicalities, the above for- 
mulation and results can be easily translated into the case of Schrodinger 
operators on the half-life R + = (0, cc). The same applies to the examples 
discussed below. 
A number of shape-invariant potentials have been found (e.g., [5, 6, 9, 
121). Here we present two examples, which seem to have been overlooked 
in the literature. 
We introduce “deformed hyperbolic functions” as 
sinh, x = 
e” - qe-” 
2 ’ 
cos,,, x = e” +T-” 
sinh x 
tanh, x = 2 
1 
cash, x’ 
sech, x = -, 
cash, x 
where q > 0 is a parameter. It is straightforward to see that the following 
formulae hold: 
(cash, x)~ - (sinh, x)~ = q, 1 - (tanh, x)‘= q(sech, x)~, 
(sinh, x)’ = cash, x, (cash, x)’ = sinh, x, 
(tanh, x)’ = q(sech, x)~. 
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EXAMPLE 1. Let 
W,(x) = - i. tanh, ax - f 




Since W, is in C”(R) and bounded, we have D(A(A))=D(d/dx). Hence 
the assumption of Lemma 3.2 is satisfied. It is not so difftcult to see that 
Pi”(A) = (IpI ‘/2, co). 
Further, one can easily prove the following assertion: 
ASSERTION 3.1. Let 
A=R\{na},:=-_,, 
and for A E A, define 
f(A)=i-a, 
B’ P’ F(l) = (I + a)‘- i2 + g-q- ,2’ 
Then, {H+(A)},s, is (f, F)-equivalent to {H _ (A) > j, E n. Moreover, we have 
4dA)=(IDI”2, a)\{na>T=,. 
Thus, by applying Theorem 2.2, we obtain the following result. 
ASSERTION 3.2. Let A > M + I/?[ Ii2 and 
Then 
where 
E,(il) = na(2k - ncc) 
{ 
l- 8’ 
I A2(i - ncc)2 
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The above result shows that for all ,I>cc+ j/3j”2, eJH+(1))\(0) is 
independent of the deformation parameter q. This is a remarkable 
phenomenon. 
Remark. By applying the standard scattering theory, we see that the 
continuous spectrum of H,(%) is [a, co), where 
a=max {(A+fr,(A-f)‘). 
Thus we see that for all i >a + Ifi\ I”, the spectrum of H+(A) is 
independent of q. 
EXAMPLE 2. Let 
W,(X) = - ,? tanh, ax - p sech, ax 
with parameters 2, p E R, a > 0, so that H*(n) takes the form 
H+(R)= --$+ {p2-q;1(l&a))(sech,ax)2 
+ ~(21 f a)(tanh, ax)(sech, ax) + A’. 
Then, in the same way as in Example 1, one can easily obtain the following 
result. 
ASSERTION 3.3. (i) Let 
F(%) = (% + a)’ - l.‘. 
Then, {fJ+(~)),,. is (f, F)-equivalent to {K(i,)),,,. 
(ii) Let I. > a and 
N,=max ItzEN / a<%}. 
Then 
~,(~+(;O)\{O) = fflW-na))Z,. 
Part (ii) of Assertion 3.3 shows that for all I>a, a,(H+(I))\{O} is 
independent of q and p. This is also an interesting phenomenon. 
Remarks. (i) The continuous spectrum of H,(1) is [A’, co). Hence, 
the spectrum of H+ (2) is independent of q and p for all 2 > a. 
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(ii) The case q = 1 in the above examples has already been discussed 
in the physics literature (e.g., [.5, 6, 121). 
3.2. D-Dimensional Schriidinger Operators lrith Sphericall!* Symmrtrk 
Potentials 
Let d> 2. It is well known (e.g., [13, 141) that the d-dimensional 
Schrodinger operator 
H,s = - A + U 
with a spherically symmetric potential U = U(\x[), x ERR, where A is the 
d-dimensional Laplacian, may be written as 
H, = & H,, 
I=0 
where 
H,= -$+ U(r)+ 
(d- l)(d- 3) 
4 
acts in L2(R + , dr), R + = (0, co). Therefore the spectral analysis of Hs is 
reduced to that of H,, which is a one-dimensionai Schrodinger operator on 
R + . Thus we may apply the method given in Section 3.1 to obtain some 
classes of exactly soluble models of H,. 
Let W, E C’(R+ ) be real-valued and 
A(%)=$- wj.-3, 
which acts in L’(R+, dr) with D(A(%)) = C,“(R+). Then A(A) is closable. 
We denote the closure by the same symbol. We see that H,(A) takes the 
form 
H.(A)= -$+ V,?, 
on C,“(R+), where 
V,:(r)= W,(r)‘+ W;(r)+---- 7 
2i,W,(r)+l(lf 1) 
r r ’ 
(3.12) 
Hence, apart from technicalities on the essential self-adjointness of H+(i), 
if we can find shape-invariant potentials V’, then we can solve (in part) 
SUPERSYMMETRIC QUANTUM MECHANICS 75 
the eigenvalue problem of H,(J). Further, if there exists a I, such that for 
all r > 0, 
v;(r) + c&J = U(r) + 
i 





with a constant C(&), then we have 
o,(ffJ = ~,W+(&J) + C(&). (3.14) 
By two examples we show how the above method works. 
EXAMPLE 3. Consider the case 
W,(r) = -T, 




2z I 4lTl) 
-2 A r2 . 
(3.15) 
r 
Hence we have 
ASSERTION 3.4. Let .4 = (1, CO) and 






Then {ff+(A))j.e, is (f, F)-equivalent to (H-(l)};.GA. 
ProoJ It is obvious that for all il> 0, 
H+(A+ l)+F(il+l)=H-(1) (3.16) 
on CF(R+). On the other hand, if il> i, then H+(I+ 1) and H_(I) are 
essentially self-adjoint on C ;(R + ) (e.g., [ 13, Appendix to X.11). Hence 
(3.16) extends to an operator equality. 1 
ASSERTION 3.5. Let 
Q,,,(r) = rLeeZrlL. (3.17) 
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Then, fbr all 3” > 1, 
KerA(A)= (c.Q,,, 1 (.EC~. 
In particular, Jkr all jL > 1, dim Ker A(L) = 1 
Proof: For f E C,” (R , ), we have 
(3.18) 
Therefore, it follows that for I > 1, @A(;.)) c D(d/dr) n D( l/r). Hence, for 
II > 1, A(I)+ = 0 implies that 
The general solution to this equation is given by 
$tr) = crj.e-Zr:j., 
which is in L2(R + , dr). Thus (3.18) follows. 1 
Assertions 3.4 and 3.5 allow us to apply Theorem 2.2 to obtain 
ASSERTION 3.6. For all i > i, 
i 
z2 22 cc 
w=;,-(j”+n)2 ,,=. 
I 
c a,(ff+ 0”)). 
Further, the multiplicity of each eigenvalue E,,(A) is one. 
We can apply this result to a d-dimensional Schrodinger operator: 
COROLLARY 3.3. Consider the case 
U(r)= -F+f, 
where C > 0 is a constant. Let 




Further, the multiplicity of each eigenvalue - l/(/(l,d + n)’ is one. 
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Proof: In the present case, (3.13) is satisfied with &=I,,, and 
C(&) = - Z’/ni. Hence, by (3.14) and Assertion 3.6, we obtain the desired 
result. 1 
Remark. The potential U given by (3.19) is a generalization of the 
potential for the hydrogen-like atom. The result (3.20) with d= 3 is well 
known (e.g., [ll]), which is usually obtained by solving directly the 
Schrijdinger equation for the eigenvalue problem of H,. The method in the 
present paper gives an alternative and algebraic proof for the known result, 
extending it to higher dimensional cases. Combining the above result 
with the standard scattering theory, we have in fact that o&H,)= 
{ - l/(2,,+ n)2 ( n > 0} and the continuous spectrum is [0, co). 
EXAMPLE 4. Let 
W,(r) = -gr 
with a constant g>O, so that 
(3.21) 
Then, as in the case of Example 3, we have 
ASSERTION 3.7. Let H,(I) be as in (3.11) with V,: given by (3.21). Let 
A=(i, co) and 
f(Jl)=A+ 1, F(I)=4g. 
Then iH+(i)}j.c/I is (f, F)-equivalent to {H _ (A)} i. t ,, Further, we have 
Ker A(i)= {cri.ePRr212 1 CCC}. 
Hence, by applying Theorem 2.2, we obtain 
ASSERTION 3.8. For all E, > &, 
o,(H+W) = &d,“_,~ 
where the multiplicity of each eigenvalue 4gn is one. 
This result solves the eigenvalue problem of the d-dimensional 
Schrijdinger operator H, with U(r) = g2r2, which is the Hamiltonian of the 
d-dimensional harmonic oscillator. 
109/158/l-6 
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3.3. A Umyied Treatment of the Schrijdinger, Klein-Gordon, and the Diru 
Equations 
Recently de Lange [7] discussed a unified treatment of the Schrodinger 
(S), Klein-Gordon (KG), and Dirac (D) equations with a Coulomb 
potential in the three dimensional space. The method is based on an 
algebraic operator analysis, which seems to be closely related to the 
method presented in Section 3.2. In this section, we show how our 
approach solves this problem. 
In [7], it is shown that the S, KG, and D equations with a Coulomb 
potential for stationary states are reduced to the radial equation 
-$+$-L+T) &=O, 
I’ ra II 
where ,u > 0, a,, > 0, q, and 6 are constants determined according to the 
kind of the equation under consideration (S, KG, or D) (see [7] for their 
explicit forms) and the operator H is considered as an operator acting in 
L2(R+, dr) (we set the Planck constant ti = 1). The parameter v is a 
function of the eigenvalues E of the stationary states to be found. As is 
easily seen, the operator H is of the form of the operator considered in 
Example 3 in the last subsection with the following identifications: 
q(q + 6) = I*(/? - l), -5=2z, 
4 




n 2 0. 
Solving this equation with respect o the energy eigenvalue E, we see that 
the results coincide with those obtained in [7]. The eigenfunctions are also 
explicitly found by applying Theorem 2.2(iii). 
IV. CONCLUDING REMARK 
In [3], we gave a general class of perturbations for operators of the form 
A*A such that the spectrum of each of the perturbed operators is essen- 
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tially iso-spectral to that of the unperturbed operator A*A. Combining this 
result with Theorem 1.2 in the present paper, we can find more operators 
whose eigenvalue problem is (in part) exactly solvable. 
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